We investigate chiral symmetry breaking in the (2+1)-dimensional Thirring model as a function of the coupling as well as the Dirac flavor number N f with the aid of the functional renormalization group. For small enough flavor number N f < N cr f , the model exhibits a chiral quantum phase transition for sufficiently large coupling. We compute the critical exponents of this second order transition as well as the fermionic and bosonic mass spectrum inside the broken phase within a next-to-leading order derivative expansion. We also determine the quantum critical behavior of the many-flavor transition which arises due to a competition between vector and chiral-scalar channel and which is of second order as well. Due to the problem of competing channels, our results rely crucially on the RG technique of dynamical bosonization. For the critical flavor number, we find N cr f 5.1 with an estimated systematic error of approximately one flavor.
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I. INTRODUCTION AND SUMMARY
Introduction. Since the advent of graphene [1] there has been an enormous amount of renewed interest in (2+1)-dimensional relativistic fermion systems. Various variants of (2+1)d quantum electrodynamics [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and the (2+1)d Thirring model [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] are actively discussed as effective descriptions of graphene's exceptional electronic properties [34] [35] [36] [37] [38] [39] [40] [41] . Moreover, they are likewise intrinsically interesting: in these models the number of fermion flavors N f serves as a control parameter for a quantum phase transition at a critical value N cr f . Several previous works provide a substantial amount of evidence that chiral symmetry breaking (χSB) may be prohibited even for arbitrarily large coupling if N f > N cr f [22, [24] [25] [26] [27] [28] [29] [30] [31] . This is a similarity to many-flavor nonabelian gauge theories in four dimensions which are used for particle physics models for dynamical electroweak symmetry breaking [42] [43] [44] . However, the search for the quantum critical point has so far been rather challenging: in the Thirring model different approximate solutions to the Dyson-Schwinger equations (DSE) yielded values between N cr f 3.24 [22] and N cr f = ∞ [23] . By constructing an effective potential for the chiral order parameter, up to leading order of the 1/N f expansion N cr f = 2 has been found [26] . Extensive Monte Carlo simulations point to N cr f 6.6 [31] . The true value of N cr f is of decisive relevance for the applicability of such relativistic fermion effective theories for condensed matter systems, where the number of flavors is typically N f = 2. If N f = 2 is near N cr f , the properties of the quantum critical regime could take an important influence on physical effects corresponding to dynamical mass generation in the effective (strongly-coupled) theories. Understanding such a semimetal-Mott insulator transition is also desirable from a technological point of view, e.g., with the ultimate aim of engineering the band gap in graphene-like systems.
In addition to the significant quantitative discrepancies observed in the literature, a more detailed comparison of the critical behavior close to N cr f reported in those studies reveals our insufficient understanding of fermionic field theories in the nonperturbative domain: Kondo [26] reports a second-order phase transition with the usual power-law behavior as a function of the control parameter N f . By contrast, in the DSE studies [24, 25] an essential scaling behavior of the Kosterlitz-Thouless type has been found, that is to say, a phase transition of infinite order. As argued in [31] , the nature of the transition in these studies appears to depend on whether the strong-coupling limit is taken before or after N f N cr f . The scaling analysis on the lattice [31, 32] is consistent with a power-law behavior corresponding to a secondorder phase transition which qualitatively confirms, but quantitatively deviates from the Kondo scenario [26] .
In the present work, we confront the functional renormalization group (RG) approach with the puzzles given by the (2+1)d chiral fermion systems at criticality. The question is: What is the nature of the χSB phase transition being controlled by either the bare coupling g (for fixed N f < N cr f ) or the number of flavors N f (for fixed g > g cr )? What are, if applicable, the corresponding exponents determining the critical behavior? Naively, a universal answer may not be apparent as (2+1)d fermion models are perturbatively nonrenormalizable. However, rather than inherent inconsistencies, this difficulty may reflect the failure of the perturbative approach [45] [46] [47] [48] . In fact, there is a large body of evidence for nonperturbative renormalizability to all orders in a large-N f expansion [19] [20] [21] [22] [23] and, more recently, also beyond the 1/N f expansion from a functional RG approach [49, 50] . As a bottom line, (2+1)-dimensional fermion models appear to be a paradigm example for asymptotically safe theories [51] [52] [53] [54] [55] that are UV complete due to the existence of interacting UV fixed points.
In the remainder of this section, we briefly summarize our findings, starting with a short review of a preceding fermionic RG analysis [49] . All technical details and a proper embedding and comparison to the literature is deferred to the following sections.
Competing channels in the (2+1)d Thirring model. Conventionally, the Thirring model in 2+1 dimensions is defined by the Lagrangian
with N f flavors of massless four-component Dirac spinors ψ a , i.e., a = 1, . . . , N f . The microscopic theory has a chiral symmetry U(2N f ), cf. Sec. II. Depending on the value of the four-fermi couplingḡ and the number of flavors N f , a fermion mass can be dynamically generated, which breaks the chiral symmetry spontaneously. Upon integrating out fluctuations, further interaction terms, being compatible with the present U(2N f ) symmetry, are generated by the RG transformations. On the four-fermi level there are three further interactions besides the Thirring term ∼ (ψγ µ ψ)
2 : a flavor-singlet pseudo-scalar channel (Gross-Neveu interaction), a flavor-nonsinglet scalar channel (Nambu-Jona-Lasinio interaction), and a flavornonsinglet axial channel. However, not all of these terms are independent in the pointlike limit: due to the Fierz identities we can always choose an arbitrary subset of two terms and write the respective other two as a linear combination of these. A full basis is therefore given, e.g., by the Thirring and the Gross-Neveu interaction. The RG flow of the dimensionless couplings in this basis is depicted in Fig. 1 . The vertical (horizontal) axis defines the theories with pure Thirring (Gross-Neveu) interaction. We refer to this axis as "Thirring axis" ("Gross-Neveu axis"). The angle bisector in the third quadrant defines the theories with pure Nambu-Jona-Lasinio (NJL) interaction, which we refer to as "NJL axis". In a functional RG analysis (the technique is sketched in Sec. III), we find two interacting fixed points A, B, and C besides the Gaußian fixed point O. For the theories defined by the microscopic Lagrangian (1) being purely on the Thirring axis, we find two different phases, which are separated by the separatrix through the fixed points B and C (red curve in Fig. 1 ): If we start the RG flow in the UV with a microscopic coupling on the Thirring axis above the separatrix, the couplings eventually flow to the noninteracting Gaußian fixed point O; if we start below this curve, the four-fermi couplings grow large in the IR. In the vicinity of the critical coupling, the behavior of the system is governed by the interacting fixed point C, as all trajectories are initially attracted toward this fixed point. We refer to this fixed point as "Thirring fixed point". We associate all trajectories emanating from C with UV complete fully renormalized versions of the (2+1)d Thirring model. However, we emphasize that the Thirring fixed point only in the strict large-N f limit lies directly on the Thirring axis: even if absent on the microscopic scale, a second coupling besides the Thirring coupling will always be generated by the fluctuations for finite N f .
We now give a heuristic argument for the occurrence of the critical flavor number [49, 50] . Let us first consider the (unphysical) flavor number N f = 1.75, where the Thirring fixed point C lies exactly on the NJL axis (left panel of Fig. 1 ). In this specific case, the NJL axis is an IR attractive hyperplane and the RG flow of the Thirring model for sufficiently large (negative) coupling is dominated by a divergent NJL coupling. A divergent scalar-type four-fermi coupling at finite RG scale signals bound-state formation in that channel and can be associated with the dynamical generation of the corresponding order parameter, in this case the chiral order parameter ψ ψ . We therefore predict that spontaneous breaking of chiral symmetry occurs due to a dominance of the scalar-type NJL channel. Since the fixed-point positions change only smoothly with N f , we expect this conclusion to hold also for small deviations from N f = 1.75. By contrast, for very large flavor number, the IR attractive hyperplane with the Thirring fixed point C is located on the Thirring axis, i.e., at vanishing NJL coupling (right panel of Fig. 1) . In other words, the RG flow is governed by a strong vector-channel dominance, which generically inhibits χSB. For intermediate flavor number (middle panel of Fig. 1 ), we thus expect a transition between the scalar-type NJL channel, which triggers χSB, and the vector-type Thirring channel, inhibiting χSB.
Dynamical boson fields.
A more quantitative picture of this quantum phase transition is difficult to obtain in the purely fermionic language with point-like interactions. A quantitative RG analysis requires the inclusion of dynamical chiral and vector bosonic degrees of freedom, see Secs. IV-VI, in order to study the interplay of these competing channels as a function of N f . This is the objective of this paper. In particular, we will show how the competition between the NJL (dominant for small N f ) and the Thirring channel (dominant for large N f ) leads to a decrease of the dynamically generated fermion mass with N f , culminating in a complete vanishing at N cr f 5.1 (linear regulator); cf. Fig. 2 . We can also map out the order of the phase transition as a function of N f : in Fig. 3 we depict the order parameter ϕ ∝ ψ ψ vs. N b and the universal critical exponent b 0.44. To avoid any possibility of confusion, let us denote the critical exponents for the phase transition as a function of N f (at fixed overcritical coupling) with Latin letters, and the ones for the phase transition as a function of the coupling (at fixed N f < N cr f ) with Greek letters. We find that the latter phase transition is also of second order, the critical behavior of which is determined by the RG flow in the vicinity of the Thirring fixed point. We give our predictions for the universal critical exponents ν, ω, and η * φ for various flavor numbers in Table II our most important observations that a simple partial bosonizationà la Hubbard-Stratonovich is not sufficient for resolving the competition between the various channels. A method to deal with this challenging problem is dynamical bosonization, as detailed in Sec. VII. As there is already a large variety of analytical as well as numerical studies on the (2+1)d Thirring model in the literature -with partly contradictory results -we finally perform a careful and critical comparison between the literature and our work in Sec. X.
II. CONDENSATION CHANNELS AND FIERZ BASIS
Let us start by presenting our conventions for general fermionic models in d = 2 + 1 Euclidean dimensions with local quartic self-interaction, being invariant under the full symmetry of the noninteracting theory. We concentrate on representations of the Dirac algebra as they occur naturally in the language of effective theories describing electronic interactions on graphene's honeycomb lattice [34] [35] [36] [37] [38] [39] [40] and in cuprates [56] [57] [58] [59] [60] [61] .
The models shall satisfy Osterwalder-Schrader positivity [62] , requiring invariance of the action under generalized complex conjugation defined by ψ † := iψγ 3 and a simultaneous reflection of the Euclidean time coordinate, which we choose to be x 3 . For a detailed discussion of our chiral conventions, see Refs. [63, 64] . Consider the 4 × 4 reducible representation
of the Dirac algebra {γ µ , γ ν } = 2δ µν , reminiscent of the chiral representation in four dimensions. Here, {σ µ } µ=1,2,3 denote the standard 2 × 2 Pauli matrices. In this formulation, the Dirac fermions thus have four components. There are now two other 4 × 4 matrices, which anticommute with all γ µ as well as with each other,
(3) Together with
these 16 matrices form a complete basis of the 4×4 Dirac algebra,
(5) The general fermionic Lagrangian compatible with U(2N f ) chiral as well as C, P, and T discrete symmetry has the form [10, 11, 36, 49, 50] 
with the bare couplingsḡ 1,...,4 carrying an inverse mass dimension, and with the flavor singlet channels
and the flavor nonsinglet channels
Here, we have abbreviated (
. N f denotes the number of four-component (reducible) Dirac spinors, such that a, b = 1, . . . , N f . By means of the Fierz identities,
any two four-fermi terms can be rewritten as a linear combination of the remaining two. Put differently, by adding a linear combination of Eqs. (10) with coefficients α i ∈ R (in units of some inverse mass scale) to the La-
the α i are redundant parameters: in a full computation of the functional integral, any physical quantity has to be independent of α i . This no longer necessarily remains true once approximations are employed. A particular example is given by mean-field theory, where this socalled "Fierz ambiguity" or "mean-field ambiguity" can have a sizable influence on the results, limiting its quantitative reliability [65] . The ambiguity is absent in the purely fermionic renormalization group equations with momentum-independent couplings [49] . A solution of the Fierz ambiguity using the functional RG in a partially bosonized setting [66] requires dynamical bosonization [67] as will become important below. An alternative approach in the purely fermionic description employs a new parametrization of the momentum structure of the fourfermi couplings, see [68] . The particular choice of couplingsḡ andg as used in [49] is recovered for α 1 = −ḡ 2 − 3ḡ 4 and α 2 = −ḡ 4 and the definitionḡ
The Thirring (vertical) axis in Fig. 1 corresponds toḡ, whereas the Gross-Neveu (horizontal) axis is associated withg (more precisely with their dimensionless counterparts). Upon choosing α 1 = −ḡ 3 and α 2 = −ḡ 4 , the Lagrangian reads
where we have defined the new couplings
This form is convenient in order to investigate the competition between the vector (V ) 2 and NJL-type (S) 2 channel for N f ≥ 2. For N f = 1 one might however choose yet another basis,
The Dirac spinors can be projected onto their Weyl components, using the projectors
1 We note that one could choose more adapted representations in which γ 45 = diag(1 2 , −1 2 ) and thus the Weyl spinor χ a (χ a+N f ) is simply given by the upper (lower) two components of the Dirac spinor ψ a . The "graphene representation" [35, 36] is of this type.
where the last equation holds for the representation (2)-(3). This suggests the decomposition [10] 
a = 1, . . . , N f , with the definition of the Dirac adjointχ chosen such that χ † := iχσ 3 in agreement with ψ † := iψγ 3 . In other words, we can trade the N f flavors of fourcomponent spinors ψ for 2N f flavors of two-component spinors χ. Therewith, the theory (14) can equivalently be described using an irreducible representation by an action consisting of 2N f flavors of two-component Weyl spinorsχ, χ,
where we have introduced the collective indices i, j, running over 2N f flavors, i, j = 1, . . . , 2N f . It is this representation in which the U(2N f ) symmetry is manifest,
Below, we use this formulation, allowing us to conveniently introduce collective low-energy degrees of freedom.
III. FUNCTIONAL RG APPROACH
The functional RG has become a standard method to investigate strongly-interacting field theories. In particular for critical phenomena, it is a versatile tool yielding quantitatively accurate results in many cases. Conceptually, the functional RG can be formulated in terms of an RG flow equation for a generating functional. Among the various formulations, the Wetterich equation [69] representing the flow equation for the effective average action has become the most widely used method owing to its flexibility, numerical stability and direct applicability to physics problems. For reviews see [70] [71] [72] [73] [74] [75] [76] and [77] [78] [79] for a particular emphasis on fermionic systems. Prominent benchmark examples in three dimensions are bosonic O(N ) models [70, 80, 81] or the GrossNeveu model [55, 82, 83] .
The effective average action Γ k is a scale-dependent variant of the standard generating functional for 1PI correlation functions. The scale k denotes an IR regulator scale separating the UV modes with momenta p 2 > k 2 which have already been integrated out from the IR modes with momenta p 2 < k 2 which still have to be averaged over. Γ k is constructed in such a way that it can be related to the microscopic bare action Γ k→Λ → S Λ if k approaches the UV cutoff scale Λ, while it approaches the standard full effective action in the IR limit Γ k→0 → Γ.
The effective average action obeys the Wetterich equation [69] ,
where the trace runs over all internal degrees of freedom (flavor, spinor, momentum) as well as field degrees of freedom. Here, the field Φ represents a collective field variable including all bosonic or fermionic fields under consideration. The denominator contains the second functional derivative Γ (2) k [Φ] with respect to the field Φ together with the regulator function R k which can be thought of as a momentum-dependent mass term.
Once the initial condition of the flow is fixed in terms of the microscopic action S Λ , the exact solution of Eq. (23) provides us with an RG trajectory of Γ k in the theory space of action functionals, the end-point at k = 0 of which is the exact effective action Γ.
As it is, in practice, difficult to find exact solutions, the Wetterich equation can also be used to find approximate solutions by means of systematic and consistent expansion schemes of the effective action. While perturbation theory constitutes one such expansion scheme, nonperturbative schemes based on vertex or operator expansions are equally legitimate and clearly superior at intermediate or even strong coupling. For critical phenomena and the analysis of long-range order, derivative expansions in terms of the order-parameter fields have become a standard tool yielding accurate results in many nontrivial examples. In the present work, we will also use a truncation of the effective action in the spirit of the derivative expansion. However, as the chiral order parameter field is bosonic, the derivative expansion has to be set up not only for the microscopic fermionic fields as in [49] , but requires collective bosonic field variables, as introduced in the next section. As a side remark we note that continuation of the RG flow into regimes with broken symmetry can also be achieved in purely fermionic descriptions without Hubbard-Stratonovich transformation by inserting an infinitesimally small symmetry-breaking component in the initial action [84, 85] .
The above mentioned regulator function R k is a to some extent arbitrary function, satisfying a few conditions for implementing a meaningful regularization [70, 73, 74] . Whereas exact solutions do not at all depend on the specific choice of R k , approximate solutions and even estimates of universal (i.e., regularization scheme independent quantities) can depend on R k . In the present work, we will use this variation of universal quantities as a function of R k as an estimate for the systematic error introduced by our approximations. We consider results obtained for the linear regulator as our best estimate, as it satisfies RG optimization criteria [73, 86] . By contrast, the sharp cutoff is known to introduce strong regulator artifacts which we therefore use to maximally span the error bar for our approximations.
IV. LOW-ENERGY DEGREES OF FREEDOM
The partition function of the theory defined by (21) ,
is in fact equivalent to the partition function of the "mesonic" theory of a (2N f ) × (2N f ) scalar matrix field φ ij and a vector field V µ , coupling via a Yukawa-type interaction to the fermions,
where i, j = 1, . . . , 2N f . The equivalence can be seen by multiplying Eq. (24) with appropriate Gaußian (Hubbard-Stratonovich) factors,
with some normalization constants N , not affecting any expectation values. The scalar matrix field is Hermitian, φ † = φ, and the vector field V is real. The four-fermi terms in Eq. (24) are then precisely canceled if the constraintsh
are imposed at the microscopic scale. From Eqs. (26)- (27) we can read off the properties of the boson fields under chiral transformations,
U ∈ U(2N f ). The scalar matrix φ may be decomposed into a traceless part and its trace [87] 
The ϕ field is parity odd and can be attributed to the parity breaking channel (P ) ∼ψ a γ 45 ψ a =χ i χ i . By contrast, a vacuum expectation value of the traceless part Φ corresponds to the dynamical breakdown of chiral symmetry,
a = 1, . . . , N f , with the breaking pattern
We can trade the (2N f ) × (2N f ) Hermitian traceless matrix Φ for its independent components Φ α ,
i, j = 1, . . . , 2N f , α = 1, . . . , (2N f ) 2 − 1, where the t α are the generators of SU(2N f ) in the fundamental representation, normalized so that Tr(t α t β ) = δ αβ /2.
In the one-flavor case N f = 1 this formulation is equivalent to a partial bosonization of the Fierz basis in the four-spinor representation (17) : the HubbardStratonovich transformation leads to the equivalent Yukawa-type theory with three scalar modes (σ, τ, π) ∼ (ψψ,ψγ 4 ψ,ψγ 5 ψ) and a vector mode V µ ∼ψγ µ ψ with Lagrangian density
From the discussion of the fermionic RG flow [49] we expect that the long-range dynamics of this system is dominated by the scalar NJL-type channel. For large enough couplingh 2 σ /m 2 σ we thus expect the scalar mode to acquire a nonvanishing vacuum expectation value (VEV), e.g., in the σ direction, and the spectrum in the broken phase consists of two massless Goldstone modes, e.g., τ and π, and a massive radial mode σ. The corresponding critical behavior is an interesting problem by itself: this system can be viewed as an effective low-energy theory of spinless electrons on the honeycomb lattice and thus as a simple model for suspended graphene [33] . It has also been studied in the context of magnetic catalysis [88] . In the following, we will focus on the case N f > 1 where a true competition between the two channels (V ) and (S) is expected.
In contrast to the purely fermionic formulation [49] , the bosonized formulation presented here is well suitable to quantitatively describe the spontaneous breaking of chiral symmetry. Loosely speaking, the bosonic fields φ ij and V µ parametrize the possible formation of bound states of the fermionic fields ∼χ i χ j and ∼χ i σ µ χ i , respectively. The corresponding critical phenomena of such a strongly-correlated system require nonperturbative approximation schemes. The functional renormalization group formulated in terms of the Wetterich equation is such an appropriate tool and has already shown its quantitative reliability in other (2+1)-dimensional relativistic fermion systems, see e.g., [55, 82, 83] . In the effective action we then have to take into account also higher bosonboson interactions generated through fluctuations, e.g.,
where the d αβγ 's are the structure constants for the group SU(2N f ). For N f = 1 the d αβγ 's vanish. For computational reasons, we use the representation (25) for the case of general N f with scalar matrix field φ ij having arbitrary trace.
We parameterize the dynamics of the low-energy degrees of freedom by an ansatz for the effective average action Γ k . This ansatz corresponds to a systematic expansion of the action in powers of the field gradients to second order. Moreover, we simplify the discussion by considering interactions only up to fourth order in the fields. Our ansatz for the effective action then reads
where
describes an effective potential in the scalar sector. All couplings in the effective action are understood to be scale-dependent, indicated by the index k. It is straightforward to match this action exactly to the microscopic models discussed above. For instance, by setting all bosonic couplings to zero at the UV cutoff scale k = Λ, we return to the fermionic action (21) . Alternatively, we can set the fermionic couplings to zero, g V,Λ , g φ,Λ = 0, and choose the compositeness conditions
which guarantee that the bosonic fields have no kinetic term and are purely auxiliary at the high scale. Furthermore, satisfying the constraints (28) and setting the higher-order bosonic interactions to zero at k → Λ leads us to the Yukawa-type theory as given in Eq. (25) . This implements the Hubbard-Stratonovich transformation at a fixed scale k = Λ in the functional RG context. Of course, as soon as we start integrating out modes, the couplings set to zero at one scale can be generated at lower scales due to fluctuations. Also the constraints (28) will generally not be satisfied at lower scales. Whereas the purely fermionic flow has been extensively discussed in [49] , we will now concentrate on the partially bosonized variants. We start with computing the RG flow in Sec. VI for the fixed-field variables introduced above. As the Hubbard-Stratonivich transformation demonstrates, the effective action (37) contains some redundancy, as field reparametrizations can trade various operators for one another. In Sec. VII, we exploit this redundancy to introduce scale-dependent fields that adjust the fermion-boson couplings dynamically in order to effectively perform Hubbard-Stratonovich transformations on each scale (dynamical bosonization). In the following, we will mostly ignore the momentum-dependent terms in the vector channel, i.e., we will consider the pointlike limit
The beta functions will however be computed for general
V. SCALAR MASS SPECTRUM
Due to U(2N f ) symmetry, the effective potential U k (φ) necessarily has to be a pure function of U(2N f )-invariant quantities. The Hermitian scalar matrix field can be diagonalized by a U(2N f ) rotation [cf. Eq. (29)],
with real eigenvalues m i . In a quartic approximation U k (φ) can then be parametrized in terms of the two invariants ρ and τ ,
At higher field orders the potential can depend on additional (suitably defined [89] ) higher order invariants constructed fromτ n ∼ Tr(φ 2 /2 − ρ/2N f ) n for n ≥ 3. We expand the scalar potential about its k-dependent minimum (ρ 0,k , τ 0,k ). In the symmetric (SYM) regime the potential is minimal at the origin (ρ 0,k , τ 0,k ) = (0, 0), whereas in the chiral symmetry broken (χSB) regime we allow for a nonvanishing VEV which we assume to be acquired along the ρ direction, i.e., ρ 0,k > 0 and τ 0,k = 0:
If the potential solely depends on ρ and τ , it is sufficient to evaluate its flow equation in a two-dimensional subspace of all possible scalar configurations. We consider the traceless class, valid for N f > 1, 
Eigenvalue Degeneracy
where ≥ 1, m ∈ R. For any ρ and τ with τ /ρ 2 < (N f − 1)/4N f , the parameters m and are given by
If the flow eventually chooses a vacuum configuration with = 1 and m > 0, the chiral symmetry is spontaneously broken while parity symmetry remains preserved,
For simplicity, we assume in the following that
, which holds in the case of the quartic approximation (43) . The spectrum of the scalar mass matrix δ 2 U k /δφδφ for N f > 1 is given in Table I .
For a vacuum configuration with = 1 we have τ 0,k = 0. In the SYM regime ρ 0,k = 0, all modes are degenerate and have massm 2 φ = ∂U k /∂ρ| (ρ,τ )=(0,0) . In the χSB regime with ρ 0,k > 0 and ∂U k /∂ρ| (ρ,τ )=(ρ 0,k ,0) = 0 we find 2N f 2 massless scalar modes corresponding exactly to the number of broken generators in the symmetry breaking pattern
in accordance with Goldstone's theorem. Additionally, we obtain one massive radial mode withm
Since δτ /δφ| φ0 = 0 we expect the 2N f 2 − 1 degeneracy of the massesm 2 τ to be a general result, holding also beyond our quartic approximation (43) , as long as no higher-order invariants ∼τ n become important.
VI. PARTIALLY BOSONIZED RG FLOW
Next, we determine the flow of the model in a partially bosonized description. This corresponds to start at the high scale with the Hubbard-Stratonovich transformed action of (25) and the compositeness condition (38) . As is standard in this type of truncation, higherorder fermionic interactions are set to zero also on all lower scales.
We fix the standard RG invariance of field rescalings by defining the renormalized fields as
The dimensionless effective potential for space-time dimension d then reads
and the dimensionless renormalized couplings are
By evaluating the Wetterich equation (23) for a constant scalar background field (44), we obtain the flow of the dimensionless scalar potential
with u ≡ u(ρ,τ ), u ≡ ∂u/∂ρ, u ,τ ≡ ∂u/∂τ and
The dimensionless scalar masses m 2 i ≡ m 2 i (ρ,τ ) can straightforwardly be deduced from Table I . We have further defined the anomalous dimensions
The flow involves the threshold functions
(. . . ), which encode the details of the regularization scheme; their definitions and explicit forms for the linear and the sharp cutoff are listed in the Appendix. We have abbreviated v
As discussed above, we work here with the two-component Weyl spinors such that the dimension of the gamma matrices is d γ = 2. By suitable differentiation of Eq. (55) we obtain the flow of the scalar couplings occurring in Eq. (43) . In the SYM regime,
whereas in the χSB regime,
with the dimensionless VEV κ := Z φ,k k 2−d ρ 0,k and the abbreviations u (n) ≡ ∂ n u/∂ρ n and u ,τ ≡ ∂u/∂τ . Similarly, the flow equations for all other couplings present in the effective action are straightforwardly obtained by suitable projections of the Wetterich equation (23) . This amounts to a summation of all possible 1-loop diagrams where the vertices are given by full (though truncated) vertex functions and the inner lines correspond to the full propagators. With the useful Mathematica package DoFun [90] , the evaluation of the RG flow equation can be automated easily. The beta function for the vector mass reads
with the derivatives of the potential u (n) and u ,τ being evaluated at the minimum (ρ,τ ) = (κ, 0). In the symmetric regime we have of course κ = 0. For the vector-vector interaction µ and the vector-scalar interaction ν we get
In the symmetric regime the flow of the Yukawa coupling h φ is unambiguous. In the broken regime however the diverse scalar modes in general can develop different couplings. We will focus on the Goldstone-mode coupling to the fermions, which is expected to give the dominant contribution for aspects of criticality. However, this Goldstone-mode projection may introduce artifacts deeply in the broken regime, see below. The flow equation reads
For the flow of the fermion-vector coupling we find
and the anomalous dimensions read
Within our truncation we find that the flows of the two possible vector-field kinetic terms are in fact equivalent, (. . . ) are listed in the Appendix, together with their explicit forms for linear and sharp cutoff. The flow equations have been independently verified for the symmetric regime in local potential approximation with the DoFun package [90] .
As is the case in the fermionic formulation, we expect the flow to be dominated by the vector channel for sufficiently large flavor number N f . Whether for large coupling the V field then can develop a finite vacuum expectation value is an interesting question on its own right: e.g., (2+1)-dimensional models exhibiting spontaneous breaking of Lorentz symmetry have been investigated in [91] [92] [93] [94] [95] . By contrast, one could suspect that the vector mass eventually flows to zero, triggering a close resemblance of the strongly coupled Thirring model for large flavor number to a U(1) gauge theory. This is in fact the prediction of the large-N f studies [21, 96] . In the present work, we are mainly interested in a possible scalar condensation corresponding to chiral symmetry breaking and thus leave this issue for future studies.
As long as the vector mass m 2 V does not become too small it is then sufficient to consider the pointlike approximation in the vector channel, Z V,k → 0, corresponding to m 2 V → ∞. In this limit, the beta functions no longer depend on h 67), i.e., we treat the fermionic sector in the leading-order derivative approximation η χ ≡ 0. This is compatible with the observation that the flow of the fermionic wave function renormalization in 3d fermion systems at criticality is usually very small [55, 82, 83, [97] [98] [99] . As we shall see in Sec. VII, this assumption is exactly fulfilled for large number of fermion flavors N f → ∞, where the fixed-point equations can be solved analytically; in fact, this is the known result of the 1/N f expansion [20] .
In comparison, the scalar anomalous dimension is nonvanishing in this limit, and we thus expect the flow of Z φ,k to be crucial also for finite N f . We note that similar observations have also been made in other Yukawatype systems in three dimensions, where a nonvanishing η φ ∼ O(1) is essential in order to find the correct critical behavior [55, 82, 83, 99] . Also the recent results for the N f = 1 model [33] fit into this scheme.
For the remainder of this section, we omit the vectorvector interaction µ and the vector-scalar interaction ν for simplicity. We concentrate on the UV structure only in order to compare it with our previous results in the fermionic language. A full analysis of the IR properties of the dynamically bosonized RG flow follows in Sec. VII. For the search of a fixed point, we hence end up with a system of six coupled nonlinear equations for the five couplings in the SYM regime (m
) and the anomalous dimension η φ . The stability matrix ∂β i /∂g j | g * at a fixed point
V ) has five eigenvalues, which we refer to as −Θ 1 , . . . , −Θ 5 , in ascending order according to their real part. In the large-N f limit the fixedpoint structure can be mapped out analytically and we discover precisely the known structure from the fermionic flow [49] : the Thirring universality class is governed by a UV fixed point having one IR relevant direction with critical exponent Θ 1 = 1 and Θ i≥2 < 0. It is located in the pure fermion-vector sector, i.e., N f h * 2 φ /m * 2 φ = 0 and N f h * 2 V /m * 2 V > 0. Moreover, the fixed-point position exactly coincides with the Thirring fixed point in the fermionic RG [49] ,
for the dimensionless renormalized fermionic couplings
V . For finite N f we discover deviations from the fermionic fixed-point structure. In Fig. 4 , results from the bosonized description are shown as black lines, and the corresponding fermionic results from [49] are plotted as gray lines. These deviations are not unexpected, since the fermionic description differs from the partially bosonized description in two respects: first, the fluctuation-induced kinetic terms of the bosons describe momentum-dependencies of the fermionic fourpoint functions. These momentum-dependencies are neglected in a fermionic derivative expansion used in [49] . In addition to this advantage of the partially bosonized description, there is also a disadvantage arising from the fact that the fluctuations are no longer Fierz-complete in the partially bosonized description even in the pointlike limit, as will be demonstrated explicitly in the next section.
The question which description is quantitatively more accurate cannot be answered a priori. There are, however, a couple of indications that the fermionic description is more reliable at least in the UV: First, as already observed in [49] , the universal aspects of the UV fixed-point structure in the fermionic language do not depend on the choice of regulator, as it should be. If momentum-dependencies were important, we would expect a strong scheme dependence of the universal observables on approximate RG calculations. This UV stability of fermionic flows has been observed in a variety of contexts [100, 101] . Second, the fixed-point properties in the fermionic and partially bosonized description differ both quantitatively and qualitatively, as is visible in Fig. 4 for the Thirring fixed point. Also, in the bosonized language, we find two further interacting fixed points with two or more relevant directions (while there is only one fixed point with two relevant directions in the fermionic description). In fact, we observe a qualitative breakdown of the partially bosonized description for intermediate Fig. 4 we have plotted the critical exponents for the RG relevant (Θ 1 ) and the RG irrelevant direction (Θ 2 ), showing good agreement in the former case while in the latter case, in particular for small N f , large deviations occur.
To summarize: for large N f 1, we find a qualitative behavior which is consistent between the fermionic and the partially bosonized description. The scalar sector decouples for N f 1 and only the fermion-vector interactions N f h 2 V /m 2 V ∼ −g matter. For smaller N f , the quantitative deviations between both descriptions increase and particularly the fixed-point structure becomes rather different, culminating at a nonanalyticity at N f = 4. We interpret this behavior as a breakdown of the partially bosonized description arising from the Fierz incompleteness as shown below. Incidentally, the agreement between both descriptions improves again for smaller N f , where the flow in both cases is dominated by a strong fermion-scalar coupling
This single-channel dominance appears to alleviate the problem of Fierz incompleteness. This observation also lends support to the recent single-channel analysis of the N f = 1 system [33] .
We conclude that the "Fierz ambiguity" is a severe problem for partially bosonized formulations of the Thirring model precisely in the region where different channels compete with each other. For the location of the quantum phase transition in terms of a critical fermion number, a solution of this problem is mandatory. For applications of the Thirring model at a fixed given fermion number, say N f = 2 for graphene, a solution of this problem may still exert a sizable quantitative influence. A solution in terms of a dynamically bosonized RG flow will be presented in the next section.
VII. DYNAMICALLY BOSONIZED RG FLOW
Although the bosonic partition function (25) is fully equivalent to the original fermion theory (21), the corresponding leading-order truncations of the effective action are not. The reason is that the four-fermi couplings, though absent in the bare action due to the HubbardStratonovich trick, are again generated by the box diagrams displayed in Fig. 5 . However, an inclusion of g φ,k andḡ V,k in the truncation (37) does not seem very appealing, as it introduces a redundancy in the effective action. Instead, we employ dynamical bosonization [67, 73, 74, 102] as it has already been successfully used to resolve mean-field ambiguities [66] or implement particlehole fluctuations in ultracold fermi gases [103] . Here we use the simplified approach 2 proposed in [67] . The idea is to perform a Hubbard-Stratonovich transformation at each RG step, such that all newly generated four-fermi 
interactions are again reexpressed in terms of the bosonic interactions. In this way, the four-fermi couplingsḡ φ,k andḡ V,k vanish at all scales. The bosonic fields then necessarily become scale dependent. We use the following field redefinitions
with to be determined functions ω φ/V,k . Note that we keep the fermion fields fixed. For scale-dependent bosonic fields the flow equation for the effective average action is modified,
where the first term is evaluated for fixed fields and hence leads to the standard flow of Γ k with φ Λ and V Λ replaced by φ k and V k , respectively [67] . We have suppressed the additional dependence of Γ k on the fermion fieldsχ and χ for brevity. Projecting onto the boson couplings, we find the beta functions
i.e., the scale-dependent bosonization changes only the flow of h 
Choosing
, establishes that g V,k and g φ,k vanish at all scales, if absent at the UV scale k = Λ. The beta functions β g φ and β g V are straightforwardly obtained by suitable projections of the box diagrams in Fig. 5 ,
with to be determined (possibly N f -dependent) constants a (i) φ/V . In the χSB regime the fermions couple also to the expectation value κ and there are more terms ∼ κ
They are suppressed for small κ 1 and bounded from above for large κ 1 since κ
(. . . ). We expect that such terms do not take a significant influence on the flow. For simplicity, we will omit them in the following. Instead of evaluating the diagrams in Fig. 5 explicitly, we can determine the a (i) φ/V by taking advantage of the fact [66, 67] that the dynamically bosonized flow in the pointlike limit Z V,k → 0 and Z φ,k → 0 exactly coincides with the fermionic flow computed in [49] ,
This fixes a (i) φ/V uniquely and establishes an exact mapping of the fermionic fixed-point structure [49] onto the bosonized language in the pointlike limit. Beyond the pointlike approximation, the bosonized RG permits to reliably run toward and into the χSB regime, allowing us to predict the desired IR values of, for instance, fermion mass or order parameter as a function of N f .
VIII. UV STRUCTURE AND FIXED POINTS
A. Large-N f limit
In the limit of infinite flavor number N f → ∞, the flow equations simplify considerably. For the dynamically bosonized flow in the symmetric regime we have
where we have multiplied the flow equations with suitable factors of N f in order to simplify the large-N f counting of orders. Hence, in this limit the fermion wave function renormalization does not flow, η χ = −∂ t ln Z χ,k ≡ 0, whereas the flow of the bosonic wave function renormalizations is nonzero. Let us search for fixed points: assuming a fixed-point value m * 2 φ = 0, we are forced to conclude from Eq. (83) that the scalar anomalous dimension at the fixed point obeys η * φ = 2. Similarly, Eq. (90) requires for an interacting fixed point with h * 2 V = 0 for the vector anomalous dimension η * V = 1. In fact, this is the large-N f result found in [20] . With these values of the anomalous dimensions, the full set of fixed-point values can be computed analytically, see Table II .
At this point, it may be worthwhile to make a few comments. For taking the limit N f → ∞, we have implicitly assumed a specific N f -scaling of the couplings, defining the corresponding 't Hooft couplings. Since all rescaled couplings acquire finite (in particular nonzero) TABLE II. Left columns: nonuniversal fixed-point couplings for the linear regulator and various flavor numbers N f . Right columns: universal correlation length exponent ν, subleading exponent ω, and anomalous dimension η * φ . Rough error estimates arise from the comparison to sharp cutoff results. For N f > ∼ 6 we do not expect chiral symmetry breaking due to vector channel domination, such that the critical exponents of the Thirring fixed point do not have the same physical meaning for the long-range physics. This is indicated by the gray font of the corresponding critical exponents; see Sec. IX. For N f = 2, a meaningful estimate of the systematic error for ν is not available due to sharp-cutoff artifacts, see text. fixed-point values, the corresponding rescalings are selfconsistent and the large-N f limit is well-defined. For the original four-fermi couplings (1), already known from the fermionic flow [49] . In fact, the fixed-point positions of g φ and g V for the dynamically bosonized flow in the large-N f limit and fermionic flow exactly coincide, provided the same regulator is employed. We note, however, that the equivalence in general does not hold for the flow beyond the fixed-point regime, since kinetic terms of the bosonic fields are generated during the flow according to their finite anomalous dimensions. For instance, the large anomalous dimension η * φ = 2 indicates a rapid flow of the scalar kinetic term.
Consider the second contribution to the beta function of the scalar-fermion coupling h 2 φ in Eq. (89), being proportional to m 2 φ . This is exactly the contribution from the diagrams in Fig. 5, i. e., the large-N f reminiscence of the scale-dependent Hubbard-Stratonovich transformation. Without this contribution, the large-N f fixed-point equations cannot be solved with finite couplings. In other words, dynamical bosonization is crucial to find the correct large-N f behavior in the scalar sector in the present model. We have already seen an indication for this in Sec. VI, where the scalar sector completely decoupled for N f ≥ 4 using only standard partial bosonization.
For the given set of integer anomalous dimensions, the large-N f fixed-point values for the vector-vector coupling µ and the vector-scalar coupling ν are in fact negative. We attribute this to the fact that we neglected the momentum-dependent contribution ∝ζ k in Eq. (37) as well as higher order terms in the effective potential. In any case, in the large-N f limit µ and ν do not feed back into the flow of the remaining couplings. For consistency, we again evaluate in what follows the flow equations for a pointlike current-current interaction, Z V,k → 0, and neglect the vector-vector selfinteractions µ and vectorscalar interactions ν, analogous to Sec. VI. This is expected to be a reasonable approximation as long as the vector mass m 2 V does not become too small.
B. Fixed-point structure at general N f
Beyond the large-N f limit, we evaluate the fixed-point equations numerically, both for linear and sharp cutoff. Again, we recover the known UV structure: there is one interacting Thirring fixed point for all 1 < N f ≤ ∞, having only one IR relevant direction. [Recall that the case N f = 1 has been explicitly excluded in the derivation of our bosonic flow equations, cf. Eq. (44) .] For small N f the Thirring fixed point is located close to the pure scalar channel subspace, whereas for N f → ∞ the scalar-fermion coupling becomes negligible. As we have also observed in the partially bosonized formulation in Sec. VI, the fixed-point position in this limit again exactly coincides with the fermionic fixed point. For small N f , we find deviations from the fermionic UV structure. As the dynamically bosonized flow and the fermionic one have an identical fixed-point structure in the point-like limit (by construction), these deviations are fully related to the momentum dependence in the bosonized scalar channel. The latter is particularly important once the scalar coupling becomes long range, i.e., for smallm 2 φ . In other words, the bosons dynamically become fluctuating relevant degrees of freedom. We depict the fixedpoint positions for the linear regulator in Fig. 6 , together with the corresponding values for the fermionic flow compiled from [49] for comparison. Explicit values are given in Table II . If the fixed point corresponds to a second-order phase transition as we expect it for small 
with δg := g Λ − g cr measuring the distance from criticality ("reduced temperature") and the renormalized scalar massm
By again denoting the smallest eigenvalue (being negative) of the stability matrix ∂β i /∂g j | g * with −Θ 1 < 0 and the second smallest eigenvalue (being positive) with −Θ 2 > 0 we have for the correlation length exponent and the first subleading exponent [104] ν = 1/Θ 1 > 0, and
At the critical point δg = 0, where the correlation length diverges, the asymptotic behavior of the scalar two-point function is determined by the anomalous dimension η *
The critical exponents extracted from the flow in the fixed-point regime are shown in Figs. 7 and 8. We expect the values, as listed in Table II , obtained with the linear regulator to represent our most accurate results and use the difference to the sharp-cutoff results as a rough estimate on the truncation-induced error. We find that the correlation-length exponent is to a large extent regulator-independent, ∆ν/ν < ∼ 1 . . . 2% for N f > ∼ 2.1. Near N f = 2, the sharp-cutoff results deviate from the linear regulator by up to a factor of two. We interpret this behavior as a large artifact of the sharp cutoff and consider the result using the linear regulator as our best estimate. For this particular case of N f = 2, it is however difficult to estimate the systematic error. As expected, slightly larger but controlled deviations between linear and sharp cutoff occur for the anomalous dimension and the corrections-to-scaling exponent, ∆η φ /η φ , ∆ω/ω < ∼ 10 . . . 15%. Explicit values are again given in Table II . This hierarchy of accuracy is wellknown from RG studies of scalar models based on the derivative expansion [70, 80, 105] .
IX. IR BEHAVIOR AND N f -CONTROLLED QUANTUM PHASE TRANSITION A. Critical fermion number
If we start the flow for small N f with initial UV couplings close to the fixed point, we find that the scalar mass eventually vanishes at some scale k * , indicating the spontaneous breakdown of chiral symmetry. In the following, we will refer to k * as "χSB scale". Continuing the flow for k < k * in the χSB regime the fermions become massive with renormalized massm 2 R,f = N f −1 κh 2 k 2 and the scalar sector consists of one radial mode with renormalized massm
, and 2N f 2 massless Goldstone modes. In the deep IR k → 0, we expect all massive modes as well as eventually the Goldstone modes to decouple, leading to IR predictions for the mass spectrum.
However, our truncation is not able to resolve this decoupling, as all couplings among the different modes are approximated by the same expansion coefficient of the effective potential. In fact, we naively find that the dimensionless parameters run into an attractive IR fixed point, such that the dimensionful masses run into a maximum and eventually decrease again for small k k * , see Fig. 9 . This effect is a well-known artifact of our treatment of the effective potential, as it artificially couples the Goldstone modes to the flow of all other scalar operators. This problem can technically be solved by an adapted choice of field coordinates [106] . Here, we follow a more immediate strategy, and simply stop the flow before it enters the artificial IR fixed-point regime. For our quantitative estimates, we stop the flow at the maximum of the radial massm 2 R,ρ . We have checked that the following results to a large extent do not depend on this choice. We note that the critical behavior in terms of the exponents ν and η * φ remains, of course, unaffected by this, since it is solely determined by the UV structure of the theory.
Once the physical scale has been set, for instance, by measuring the value of the radial massm 2 R,ρ , we can compare the dynamically generated masses among different N f . We have already shown the renormalized fermion massm 2 R,f in units of the radial massm 2 R,ρ in Fig. 2 . In Fig. 10 we now depict the renormalized scalar massm φ,k approaches zero, i.e., at the χSB scale k * . We expect that this divergence is an artifact of our truncation which will be stabilized by higher terms in the vector sector [for instance, the terms ∝μ k ,ν k ,ζ k in Eq. (37)]. Here, we interpret the divergence as an indication for "vector-boson-dominance" in the IR, inhibiting χSB. If the divergence was real, the model could exhibit dynamical Lorentz symmetry breaking [91] [92] [93] [94] [95] . For larger N f > N cr f we observe the divergence already at higher scales k > k * , inhibiting the flow to enter the χSB regime.
The value of N 5.1 with the latter, agreeing with each other on the level of numerical precision. For the sharp cutoff, our truncation unfortunately does not allow to enter the χSB regime: we find λ 1,k * < 0 at the χSB scale, indicating the requirement of higher terms in the polynomial expansion of the effective potential (43) . This is in line with optimization considerations [73, 86] : for a nonoptimized regulator (as is the sharp cutoff) a higher expansion order is needed to achieve similar predictive power. For the scalar and fermion sectors, the linear regulator by contrast satisfies standard optimization criteria [73, 86] . Nonetheless, also in the sharp-cutoff scheme, we can determine the flavor number above which the vector-fermion coupling diverges before m φ,k → 0. From this criterion, we find N cr f 5.8. Identifying the cutoff dependence with a rough error estimate yields our result for the critical flavor number
This prediction represents one of the central results of this work.
B. Thirring universality class
In the fermionic RG [49] , we have shown that the "pure" Thirring model, defined by a microscopic action including only current-current interaction, is in the universality class defined by the interacting Thirring fixed point with one IR relevant coupling. Of course, this statement ultimately only holds for our specific regularization scheme, since fixed-point positions itself are nonuniversal. In the bosonized formulation developed here we can further explore the universality class of the "pure" Thirring model by starting the flow with initial couplings
i.e., with a decoupled scalar sector. In our explicit computations we use Z φ,Λ = 10 −6 , m φ,Λ = 10 6 , λ i,Λ = 0, h 2 φ,Λ = 0. However, universality guarantees that our results are independent of the exact values for the initial couplings as long as the system is governed by the corresponding fixed point. With the functional RG flow, we can explicitly verify universality. Fig. 11 shows the RG evolution of the dimensionless couplings for N f = 2 for two different initial values of the vector-fermion coupling
V just above and below the critical value g cr . Though we start with a decoupled scalar sector, the scalar couplings are rapidly generated by the RG flow, as already known from the purely fermionic RG. For initial couplings close to criticality, the flow runs from the pure Thirring axis into the fixed-point regime, which is exactly given by the Thirring fixed-point couplings in Table II , cf. Fig. 11 . Thus, the critical behavior of a conventionally defined "pure" Thirring model without scalar channel in the bare action is indeed given by the universality class of our Thirring fixed point. For completeness, we show in Fig. 12 the critical coupling g cr for which the flow approaches the Thirring fixed point as a function of N f , to be compared with previous results in Ref. [49] . with earlier analytical estimates [24, 25] . A rapid variation of 1/g cr would have been expected if the many-flavor quantum phase transition was induced by a change in the UV fixed-point structure. This, however, is not the case in the Thirring model where the transition is rather due to a competition between the vector and scalar channel. Since the Thirring fixed point is present for all N f , we can still determine a "would-be" critical coupling g cr even for Fig. 12) . In order to establish the connection between the negative eigenvalues of the stability matrix Θ i and the critical exponents in Eq. (95) we have assumed that the propagator has a scaling form, from which one infers the hyperscaling relations [104] 
The hyperscaling assumption can in fact explicitly be checked by computing directly the critical behavior of the order parameter ϕ ∝ |δg| β , inverse susceptibility (unrenormalized mass) χ −1 =m 2 ρ ∝ |δg| γ , and inverse correlation length (renormalized mass) ξ −1 =m R,ρ ∝ |δg| ν . As a function of the distance to criticality, we indeed find that the expected linear behavior on a doublelog plot is excellently fulfilled; see Fig. 13 for the case of the "pure" Thirring model (initially decoupled scalar sector) and N f = 2. The slopes of the regression lines for initial couplings on the pure Thirring axis are (for
whereas if we start the flow directly near the Thirring fixed point, we obtain β = 2.771, γ = 1.539, ν = 2.361.
The values should be compared with the critical exponents obtained from the linearized flow in the Thirring fixed-point regime (see Table II ), together with the hyperscaling assumption:
in excellent agreement with Eqs. (101) . However, hyperscaling is to a large extent also fulfilled for the conventionally defined "pure" Thirring model, cf. Eqs. (100) with (102) . We attribute the small (but significant) hyperscaling violations to the presence of other fixed points: in particular the critical behavior could be influenced by fixed point B, which (at least in the pointlike limit, see Fig. 1 ) is located in the broader vicinity of the pure Thirring axis and potentially describes a different universality class. We will further elaborate on this aspect in the following section, see also Fig. 14.
X. COMPARISON WITH PREVIOUS STUDIES
The diversity of results for the 3d Thirring model obtained so far in the literature calls for a careful comparison of our findings with those derived with other techniques. With hindsight, this variety of partly contradictory results arises from the somewhat unexpected complexity of the model. We have identified several sources for this complexity: (i) an involved UV fixed point structure (three instead of just one UV fixed point with the Thirring fixed point being off the pure Thirring axis), (ii) a complex bound state spectrum giving rise to effective vector and scalar degrees of freedom, (iii) a symmetry breaking mechanism with competing vector and scalar channels. All issues need to be taken care of in order to arrive at conclusive answers.
Let us start with a comparison with the large-N f expansion. With standard large-N f techniques, renormalizability of the "pure" 3d Thirring model with only currentcurrent interaction ∝ g V (ψγ µ ψ) 2 (i.e., without scalar channel) has been shown to hold if and only if a regularization scheme is employed in which the vector field propagator remains purely transverse on the quantum level, defining an interacting UV fixed point [19] [20] [21] [22] 107] . In Ref. [20] it is found to leading order in 1/N f (in terms of our notation)
which is exactly the large-N f behavior of our flow equations (83)- (93): if the fixed point corresponds to a second-order phase transition, the corresponding correlation-length exponent is ν = 1/Θ = 1 where Θ = −∂β/∂g V | g * V and the vector field anomalous dimension is η V (g * V ) = 1. The seeming resemblance to gauge theories has been taken even more seriously: Yang [107] claims that the partially bosonized Thirring model is equivalent to (a gauge-fixed version of) a U(1) gauge theory, in which the mass of the vector boson is generated by the Higgs mechanism. Insisting on the gauge symmetry, it is therewith argued that the coupling g V cannot be renormalized. Consequently, the beta function would be vanishing for any value of g V [21, 28] .
From our functional RG viewpoint, nonperturbative renormalizability does neither rely on a specific regularization scheme nor a resemblance or equivalence to a gauge theory. All that is needed is a non-Gaußian UV fixed point (or a line of fixed points) with suitable properties to render the system asymptotically safe [51, 52] . We observe such a fixed point both in the purely fermionic description which does not have a gauge symmetry as well as in the bosonized language where the vector mass term breaks gauge symmetry manifestly. Still, it is interesting to see that our large-N f flow equations (83)- (93), resemble that of a gauge-fixed theory: the vector mass does not feed back into the vector sector and the second kinetic term (∼Ā V,k ) looks like a gauge-fixing term that is even locked to the kinetic term in our truncation.
Whether or not the RG flow is eventually attracted by a gauge-invariant theory in the long-range limit still remains an open question. In our approach, this could be investigated by measuring the flow with respect to the hyperplane of actions in theory space that satisfy the (regulator-modified) Ward-Takahashi identity [73, 74, 108] . We believe, however, that this question is unrelated to that of chiral symmetry breaking, as the latter occurs in the chiral scalar sector which does not participate in the local symmetry.
The formulation of the Thirring model as a gauge theory is also at the basis of the analytical studies [22] [23] [24] [25] , which attempt to solve the Dyson-Schwinger equations (DSE) by setting the full vector propagator to its large-N f form, and the full vertex to the bare vertex (known as ladder approximation). All such studies observe the existence of a nontrivial solution corresponding to chiral symmetry breaking for small values of N f < N cr f . However, their predictions for the value of N cr f and the critical behavior of fermion mass and chiral order parameter differ significantly: Ref. [22] reports N cr f 3.24. Hong and Park [23] claim that symmetry breaking should persist for any value of N f , i.e., N cr f = ∞. In Ref. [24] an essentially singular behavior close to N cr f 4.32 is found,
that is to say, a phase transition of infinite order. Such an essential scaling law is known from a number of gauge theories, such as quenched QED 4 [42, 109, 110] and QED 3 with N f fermion flavors [6-8, 15, 18] , as well as many-flavor QCD 4 [42, 43, [111] [112] [113] . In this context, the scaling law is often referred to as Miransky scaling; the scenario has also been termed (pseudo-)conformal phase transition [42] . Essential scaling has also been found in two-dimensional statistical systems, such as the XY model, where the scenario is called Kosterlitz-Thouless phase transition [114] [115] [116] [117] . As has been pointed out recently [79, 118] , the general mechanism being responsible for essential scaling is the merger of two RG fixed points [100, 119, 120] and their subsequent disappearance into the complex plane, or a running of a fixed point off to zero or infinite coupling. By contrast, we find that the UV Thirring fixed point persists for any N f , hence there is no basis for and consequently no observation of essential scaling in our work. By constructing an effective potential for the chiral order parameter ϕ ∝ ψ ψ , to leading order in 1/N f , Kondo [26] reports a second-order phase transition,
where for d = 3 he finds the critical exponent b = 1 and N cr f = 2. We have been motivated by these considerations to attempt a fit to our results for order parameter and fermion mass. In Fig. 3 , we depict ϕ /m R,ρ versus the combination (N cr f /N f ) − 1 in a double-log plot. In fact, the behavior is very well compatible with a powerlaw scaling corresponding to a second-order phase transition at N cr f . However, the linear fit (gray line) gives b 0.44 in qualitative agreement with the Kondo scenario [26] but a quantitatively differing estimate for the exponent. We emphasize that for a quantum phase transition at N cr f occurring due to competing condensation channels, the corresponding critical exponents do not have to coincide with those determining the phase transition with the coupling as control parameter. In particular, there is no reason that β| N cr f and b should coincide. In any case, a fit to an essential scaling behavior analogous to (104) both for order parameter and fermion mass is much less successful and is not supported by our results.
Chiral symmetry breaking in the "pure" 3d Thirring model has also been investigated on the lattice [27] [28] [29] [30] [31] [32] . One extensive study [31] finds N cr f = 6.6(1), the bare value of which we consider as still consistent with our result, see below. Moreover, the study also analyzes the critical behavior close to the phase transition, both for fixed N f < N cr f as a function of the bare coupling g and for fixed g > g cr as a function of N f . In the latter case, the data is fitted to an equation of state of the form
with m being the bare fermion mass (explicit symmetrybreaking parameter), L the linear extent of the system, and A, B, C some constants. Close to criticality in the chiral (m → 0) and thermodynamic (L → ∞) limit, Eq. (106) in fact reduces to the Kondo-formula (105) . It is interesting to notice that the fit reported in [31] yields b 0.37, which could be considered as roughly compatible with our result b 0.44.
However, striking discrepancies occur, when one compares the critical behavior for fixed N f < N cr f with the bare coupling as control parameter. In particular, in the sequence of studies [28] [29] [30] [31] it is found that the exponent δ lies between δ ≈ 2.8 (N f = 2) and δ ≈ 5.8 (N f = 6), i.e., most notably, δ increases with N f . The result for N f = 2 has been confirmed in a recent work [32] based on a new algorithmic approach, where the same lattice action has been employed directly in the masslessfermion limit with manifest U(1)⊗U(1) chiral symmetry. The resulting anomalous dimension reads η * φ = 0.65 (1) , which (under the hyperscaling assumption) is equivalent to δ = (5 − η * φ )/(1 + η * φ ) = 2.64 (2) . By contrast, we find (cf . Table II below the above-mentioned lattice predictions 4 . The lattice simulations rely on a microscopic definition of the Thirring model which is fixed by a bare action including only the Thirring-like current-current interaction. It is therefore a priori not clear, whether the critical behavior in the lattice models is in fact given by the Thirring fixed point, cf. the discussion in Ref. [49] . Our analysis in the preceding section VIII supports the implicit assumption that bare actions on the Thirring axis belong to the Thirring universality class for all relevant N f (cf. Fig. 11 ). Nonetheless, since fixed-point positions are scheme-dependent, our results may not be directly transferable to the lattice theory. In particular, it is known from the flow in the pointlike limit, that a microscopic formulation, being fixed on the Thirring axis, could, for instance, be influenced by the fixed point B, which has more than one RG relevant direction (see Fig. 1 ). In order to get a glimpse of how such a situation could change the corresponding critical behavior we compute in the dynamically bosonized formulation the critical exponents associated with fixed point B. We emphasize however that a theory defined at B in any case cannot be fixed by just one bare parameter. Naively using the hyperscaling relation
] we can relate the critical exponent δ(B) to the anomalous dimension η * φ (B) at B, see Fig. 14 . The values for δ(B) lie well above those for the Thirring fixed point. Most notably, δ(B) in fact now increases with N f , in qualitative consistency with the behavior shown in Fig. 5 of [31] . For comparison, we also depict the correlation length exponent ν = 1/Θ 1 , associated with the largest negative eigenvalue of the stability matrix, i.e., the strongest RG relevant direction. In order to test this scenario lattice simulations with actions containing both invariant operators ∼ g V as well as g φ are needed.
However, we would like to propose yet another way to resolve this seeming contradiction between our results and lattice studies: All quoted lattice studies implement staggered fermions, in which case the chiral limit is more easily accessible. Exactly the same lattice action employed in the Thirring studies has also been used in simulations of the chiral U(1) ⊗ U(1) Gross-Neveu (χGN) model in three dimensions [121] , yielding ν = 0.88 (8) and η * φ = 0.46 (11) , probably consistent with the N f = 2 lattice Thirring results ν = 0.85(1), η * φ = 0.65(1) [32] and ν = 0.71(4), η * φ = 0.60(2) [28] . In fact, the symmetry breaking pattern of the lattice Thirring model in the staggered fermion formulation is [29] 
where N stagg is the number of staggered fermion flavors.
It is related to the number of continuum four-component fermions by N f = 2N stagg [122] .
It is an open question whether the breaking pattern of the continuum Thirring model,
is restored in the continuum limit of the lattice Thirring model; see [28, 29] for a discussion. This scenario could be checked by a careful analysis of the low-energy spectrum in the broken phase: the number of Goldstone modes for the breaking pattern (107) would be N 2 stagg = N f 2 /4, whereas for (108) one expects 2N f 2 massless modes. Alternatively, one could examine the spectrum of the Dirac operator on the lattice: a necessary condition for the restoration of the full U(2N f ) symmetry in the continuum limit is that the lattice Dirac operator has to exhibit the same four-fold degeneracy of the continuum Dirac operator. In fact, for a similar strongly-coupled (2+1)-dimensional model (in the context of graphene), such a comparison reveals significant breaking of the U(2N f ) symmetry, even in the vicinity of the second-order phase transition point [123] . Unfortunately, we do not know of any such study for the Thirring model so far. If the continuum Thirring pattern (108) is not restored in the simulations, then the lattice Thirring result could possibly describe the χGN universality class with breaking pattern (107) . In other words, the results for critical exponents would differ, simply because the continuum and the lattice models would not be in the same universality class. We have been motivated by these consideration to compare the lattice results also to results for a fermionic U(N L ) ⊗ U(N R ) model [50, 99] . For N L = N R = 1, a functional RG study has provided the result δ χGN = 2.58 (9) . Interestingly enough, we observe that these χGN findings are in fact well consistent with the general trend reported for the lattice Thirring model, e.g., δ = 2.75 (9) for N stagg = 1 [28] . [We emphasize however that N stagg = 1 corresponds to two four-component continuum flavors, whereas the U(1) ⊗ U(1) model in Refs. [50, 99] is defined with solely one four-component fermion.] In Refs. [29, 121] the question has been raised whether for N f = 2 the distinction between χGN and Thirring model might be unimportant and both models might actually coincide. In such a scenario the fixed point pertaining to the χSB phase transition would incidentally lie in a U(4)-symmetric IR attractive subspace of the theory space. While certainly possible, we know of no argument supporting such a conjecture; it is also not favored by our results for the χGN and Thirring model.
In order to clarify these questions, it would be very interesting to simulate the Thirring model in a formulation in which either the restoration of the U(2N f ) symmetry can be explicitly verified in the continuum limit or in which it is manifest. In the two-component fermion formulation [Eq. (21) ] the latter option might be pursued using standard methods (e.g., Wilson fermions [124] ), since there is no notion of chirality in this formulation and the U(2N f ) is just a flavor symmetry. Alternatively, in the four-component language [Eq. (14)], one could employ more advanced chiral-fermion techniques, such as domain-wall [125] [126] [127] or overlap [128] fermions, both of which are explicitly chirally symmetric and deserve to be studied on their own rights due to their relevance to lattice QCD 4 .
We would finally like to comment on the unorthodox behavior of the chiral condensate far from the critical point, as reported in the lattice study [31] . There, it has been found that ψ ψ decreases again for large (current-current) coupling g V . The corresponding peak position at g V = g V,max is independent of both lattice volume and bare fermion mass, indicating that its origin is at the UV scale. The effect has then been attributed to the fact that the vector propagator in the lattice regularization violates the transversity condition, the latter being crucial to the renormalizability of the 1/N f expansion. The impact of the extra divergence can however be absorbed by a coupling renormalization g V = g V (1 − g V /g V,lim ) −1 , such that the strong coupling limit is recovered at g V = g V,lim . g V,lim is thereupon identified with the peak position g V,max .
By contrast, our RG results suggest that the 3d Thirring model can in fact be renormalized nonperturbatively without insisting on a transverse vector propagator, if one allows for a microscopic definition in the two-dimensional coupling plane spanned, for instance, by the couplings g V and g φ . If this remains robust beyond our approximation, it could provide a natural explanation for the nonmonotonic behavior of the condensate as a function of g V : Since the numerical value of any IR observable (in units of a fixed UV cutoff Λ) is first and foremost given by the "duration" of RG time t = ln(k/Λ) before the flow freezes out or enters the IR regime, it could well be that for a theory defined on the pure Thirring axis with bare g φ = 0 an IR quantity decreases again for large g V far from criticality. Loosely speaking, just because we start the flow with a large current-current interaction does not necessarily mean that we are closer to the χSB regime. In order to check these considerations we have computed the order parameter for different bare couplings g V on the Thirring axis and an initially decoupled scalar sector, showing indeed a maximum far from criticality g V g cr and a subsequent decrease; see inset of Fig. 13 .
XI. CONCLUSIONS
We have studied chiral symmetry breaking in the 3d Thirring model with N f fermion flavors. Using the functional RG equation for the effective average action, we have investigated the RG flow of the system parametrized in terms of the fundamental fermionic as well as composite bosonic degrees of freedom. We have analyzed both UV structure and IR behavior of the theory in the usual formulation with fixed fields as well as for dynamically bosonized fields, that is to say, by applying a scaledependent Hubbard-Stratonovich transformation. Both formulations show the existence of a Thirring fixed point with one RG relevant direction. For small N f it is located close to the scalar-channel subspace, while it approaches the vector-channel subspace (the pure Thirring axis) for increasing N f . All this is well compatible with previous findings or indications in the purely fermionic description [49] .
For entering the symmetry-broken regime, however, the description using composite bosonic fields is highly advantageous. Whereas partial bosonization has become a standard tool for functional RG analyses of strongly-correlated fermion systems, a quantitatively reliable study of the 3d Thirring model appears to require dynamical bosonization [67, 73, 74, 102] . The reason is that the physics of competing channels is technically affected by the Fierz ambiguity representing a challenge for many techniques based on Hubbard-Stratonovich transformations. The 3d Thirring model therefore serves as a paradigm example for the competing-channel problem and its resolution through dynamical bosonization.
For the present model, we have confirmed previous results from DSE studies and Monte-Carlo simulations indicating that chiral symmetry breaking, corresponding to a condensation in the scalar channel, occurs for large enough coupling if the number of fermion flavors N f is smaller than a critical value N cr f , while it is shown to be absent for N f > N cr f , independently of the coupling. We obtain the estimate N cr f 5.1(7), where we have used regulator dependencies as an indicator for the systematic error of our approximation.
Since all previous studies we know of rely on a microscopic definition of the 3d Thirring model with pure current-current (Thirring-like) interaction, the mechanism behind the quantum phase transition at N cr f has so far been rather unclear. The present work has shown for the first time that the critical flavor number may occur due to a competition between different condensation channels: the NJL-type scalar channel on the one hand, dominating for small N f and triggering χSB, and the Thirring-type vector channel on the other hand, dominating for large N f and inhibiting χSB. In particular, our results exclude a quantum phase transition mechanism based on fixed-point annihilation that would imply essential scaling of order parameters as a function of N cr f − N f . The RG approach is particularly useful for predicting the critical phenomena associated with a given universality class. We have computed the critical behavior for fixed N f < N cr f as a function of the bare coupling in terms of the exponents ν, η * φ , β, and γ both for a microscopic definition of the model at the Thirring fixed point as well as on the pure Thirring axis ("pure" Thirring model). For N f = 2, we have verified that the hyperscaling relations are fulfilled for UV complete models defined at the Thirring fixed point. Models with initial conditions on the pure Thirring axis necessarily inherit a certain degree of nonuniversality which becomes visible in small violations of hyperscaling, presumably induced by the vicinity of another fixed point (fixed point B in our notation). Strictly speaking, the model starting on the pure Thirring axis is not itself a UV complete quantum field theory. We can, however, think of it as belonging to an RG trajectory (line of constant physics) that emanates from fixed point B and thus has a definite UV completion. For the theory defined at the Thirring fixed point, we have also computed the corrections-to-scaling exponent ω.
Close to the quantum critical point N f N cr f , we have discussed the scaling behavior as a function of N f (for fixed couplings above their critical values). For the quantum phase transition as a function of N cr f − N f , we have computed the exponent b 0.44 ("magnetization exponent"), implying that there is clear evidence for the transition to be of second order. We have also computed the dynamically generated fermion massm In principle, these are inherent predictions of our analysis and could be verified by correlator measurements in lattice simulations. Since our IR analysis is affected by an artificial non-decoupling of Goldstone modes, our quantitative estimate should, however, not be taken too literally. We consider our results on critical exponents as our most accurate quantitative predictions.
At the present stage, the long-range behavior in the vector-dominated phase for large N f > N cr f is difficult to resolve. Our approximation with pointlike vector channel does not allow a reliable prediction of the IR properties of the system for N f > ∼ N cr f , since for small vector mass m 2 V < ∼ O(1) momentum-dependent terms ∝ Z V,k ,Ā V,k ,ζ k in the effective action (37) become important as we can read off from the vector anomalous dimension growing large. In this sense, our estimate for (ω 1 , ω 2 ; η ψ , η φ ) = 1 (1 + ω 1 )(1 + ω 2 ) 2 .
(A.39)
